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Abstract Permutation polynomials (PPs) of the form (xq − x + c)
q2−1
3
+1 + x over Fq2 were
presented by Li, Helleseth and Tang [Finite Fields Appl. 22 (2013) 16–23]. More recently, we have
constructed PPs of the form (xq + bx + c)
q2−1
d
+1 − bx over Fq2 , where d = 2, 3, 4, 6 [Finite Fields
Appl. 35 (2015) 215–230]. In this paper we concentrate our efforts on the PPs of more general form
f(x) = (axq + bx+ c)rφ((axq + bx+ c)(q
2
−1)/d) + uxq + vx over Fq2 ,
where a, b, c, u, v ∈ Fq2 , r ∈ Z
+, φ(x) ∈ Fq2 [x] and d is an arbitrary positive divisor of q
2 − 1.
The key step is the construction of a commutative diagram with specific properties, which is the
basis of the Akbary–Ghioca–Wang (AGW) criterion. By employing the AGW criterion two times,
we reduce the problem of determining whether f(x) permutes Fq2 to that of verifying whether
two more polynomials permute two subsets of Fq2 . As a consequence, we find a series of simple
conditions for f(x) to be a PP of Fq2 . These results unify and generalize some known classes of
PPs.
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1 Introduction
For q a prime power, let Fq be the finite field containing q elements, and Fq[x] the polynomial ring
over Fq. A polynomial f(x) ∈ Fq[x] is called a permutation polynomial (PP) of Fq if it permutes
Fq. Many open problems about permutation polynomials (PPs) over finite fields can be found
in [11, 12, 15]. One of these problems is how to construct new classes of PPs. More recently, it
has achieved significant progress; see for example, [1–8, 22–25, 29–33]. A reason for such a rapid
development is that PPs have some applications in design theory [14, 17], coding theory [5, 9, 19],
cryptography [13, 18, 20], and other areas of science and engineering [14, 16].
Li, Helleseth and Tang presented a class of PPs of the form (xq − x + c)
q2−1
3
+1 + x over Fq2
by using the piecewise method [10]. Later in [28] we employed the Akbary–Ghioca–Wang (AGW)
criterion to construct PPs of the form similar to
P (x) = (xq + bx+ c)
q2−1
d
+1 − bx over Fq2 ,
where d = 2, 3, 4, 6 and d | q2 − 1. This paper is motivated by the question: when does P (x)
permute Fq2 for d > 6?
In this paper we continue our investigations by using the AGW criterion, and focus our attention
on the PPs of the form
f(x) = (axq + bx+ c)rφ((axq + bx+ c)(q
2
−1)/d) + uxq + vx over Fq2 , (1)
where a, b, c, u, v ∈ Fq2 , r is a positive integer, φ(x) is an arbitrary polynomial over Fq2 , and d is
an arbitrary positive divisor of q2 − 1. Obviously, f(x) is a generalization of P (x).
1.1 AGW criterion and the reduction of problem
The following lemma was proved in [1] by Akbary, Ghioca and Wang, which is referred to as the
AGW criterion in [16]. For further results about the AGW criterion, we refer the reader to [26–28].
Lemma 1 (AGW criterion) Let R, S, S¯ be finite sets with #S = #S¯, and let f : R → R,
g : S → S¯, θ : R → S and θ¯ : R → S¯ be mappings such that θ¯ ◦ f = g ◦ θ, i.e., the following
diagram is commutative:
R
θ

f
// R
θ¯

S
g
// S¯
If both θ and θ¯ are surjective, then the following statements are equivalent:
(i) f is bijective from R to R (permutes R).
(ii) g is bijective from S to S¯ and f is injective on θ−1(s) for each s ∈ S.
The AGW criterion gives us a recipe in which one can construct permutations of R from
bijections between two smaller sets S and S¯. But it requires two conditions θ¯ ◦ f = g ◦ θ and
#S = #S¯. For R = Fq2 and the mapping induced by P (x) with arbitrary d, it was a hard problem
in the past for us to determine θ, θ¯ and g such that the previous two conditions are satisfied. This
is the reason we only considered P (x) with d ≤ 6 in [28].
The crucial breakthrough of this paper is that a commutative diagram with desired properties
is constructed. More precisely, for R = Fq2 and the mapping f induced by (1), we find θ, θ¯ and
Large classes of permutation polynomials over Fq2 3
g such that θ¯ ◦ f = g ◦ θ, S = S¯ and #S = q. Hence the upper half of Figure 1 is commutative.
According to the AGW criterion, the problem of determining whether f(x) permutes Fq2 is reduced
to another one: whether g(x) permutes the smaller set S. The later problem is relatively simple
since we need only calculate at most q values to verifying it.
Based on the above result, we find λ and h such that λ ◦ g = h ◦ λ, i.e., the lower half of
Figure 1 is commutative. By the AGW criterion, g(x) permutes S if and only if h(x) permutes Un,
where n = d/ gcd(q + 1, d) and Un is the set of n-th roots of unity in Fq2 . It is easy to check the
permutation property of h(x) on Un when n is not very large.
Fq2
θ

f
// Fq2
θ¯

S
λ

g
// S¯
λ

Un
h
// Un
Fig. 1 Two commutative diagrams
1.2 Outline
In Sections 2 and 3, for any φ(x) ∈ Fq2 [x] we obtain three equivalent statements: (i) f(x) permutes
Fq2 ; (ii) g(x) permutes S; (iii) h(x) permutes Un. From Section 4 to 7, we consider special forms of
φ(x), and find a series of simple conditions for f(x) to be a PP of Fq2 ; for instance see Corollaries
3, 6, 10, 12 and 15. These results unify and generalize some PPs in [1, 10, 26, 28, 30].
2 The reduction from Fq2 to S
For ease of notations, we let A = bu − av, B = auq − bvq and S = {axq + bx + c | x ∈ Fq2}. We
let Z+ denote the set of positive integers, ξ a primitive element of Fq2 , Un the set of n-th roots of
unity in Fq2 , and Fq a subfield of Fq2 . In this section, we give the main result and its explanation.
Theorem 1 Let d | q2 − 1, r ∈ Z+ and φ(x) ∈ Fq2 [x]. Let a, b, c, u, v ∈ Fq2 satisfy ab 6= 0,
aq+1 = bq+1 and acq = bqc. Then f(x) in (1) is a PP of Fq2 if and only if g(x) permutes S, where
g(x) = xr
[
Bφ(x(q
2
−1)/d) +A1−rBqrφ(x(q
2
−1)/d)q
]
+ (uq+1 − vq+1)x. (2)
Proof To apply AGW criterion, we need to construct a commutative diagram. Let
θ(x) = axq + bx+ c, θ¯(x) = Axq +Bx + C, S¯ = {θ¯(x) | x ∈ Fq2},
where C = (uq+1 − vq+1)c. The proof is divided into four steps.
(i) First, we prove that θ¯ ◦ f = g ◦ θ, i.e., the following diagram is commutative:
Fq2
θ

f
// Fq2
θ¯

S
g
// S¯
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For convenience, let f1(x) ≡ f2(x) denote f1(x) ≡ f2(x) (mod x
q2 − x). Since aq+1 = bq+1 and
acq = bqc, we have
aθ(x)q = a(axq + bx+ c)q ≡ a(aqx+ bqxq + cq)
= abqxq + aq+1x+ acq = abqxq + bq+1x+ bqc = bqθ(x).
(3)
Therefore aθ(x)q ≡ bqθ(x) and so aqθ(x) ≡ bθ(x)q. Furthermore,
Aθ(x)q = (bu− av)θ(x)q = (bθ(x)q)u− (aθ(x)q)v
≡ (aqθ(x))u− (bqθ(x))v = (aqu− bqv)θ(x) = Bqθ(x).
Hence
Aθ(x)qr = A1−r(Aθ(x)q)r ≡ A1−r(Bqθ(x))r = A1−rBqrθ(x)r. (4)
Let ψ(x) = uxq + vx. Then
Aψ(x)q +Bψ(x) + C
= (bu− av)(uxq + vx)q + (auq − bvq)(uxq + vx) + (uq+1 − vq+1)c
≡ (bu− av)(uqx+ vqxq) + (auq − bvq)(uxq + vx) + (uq+1 − vq+1)c
= (uq+1 − vq+1)axq + (uq+1 − vq+1)bx+ (uq+1 − vq+1)c
= (uq+1 − vq+1)(axq + bx+ c)
= (uq+1 − vq+1)θ(x).
(5)
Let m = (q2 − 1)/d. Then, by (1), f(x) = θ(x)r φ(θ(x)m) + ψ(x) and, by (4) and (5),
θ¯(f(x)) = Af(x)q +Bf(x) + C
= A[θ(x)r φ(θ(x)m) + ψ(x)]q +B[θ(x)r φ(θ(x)m) + ψ(x)] + C
= Aθ(x)qrφ(θ(x)m)q +Bθ(x)rφ(θ(x)m) + Aψ(x)q +Bψ(x) + C
≡ A1−rBqrθ(x)rφ(θ(x)m)q +Bθ(x)rφ(θ(x)m) +Aψ(x)q +Bψ(x) + C
= θ(x)r
[
A1−rBqrφ(θ(x)m)q +Bφ(θ(x)m)
]
+ (uq+1 − vq+1)θ(x).
Since
g(x) = xr[A1−rBqrφ(xm)q +Bφ(xm)] + (uq+1 − vq+1)x,
we get θ¯(f(x)) ≡ g(θ(x)), and so θ¯ ◦ f = g ◦ θ.
(ii) Now we show S = S¯ if A 6= 0. It will be proved in Lemma 2 that aq+1 = bq+1 if and only
if b = ξ(q−1)iaq for some i ∈ Z. According to (3), we obtain
θ(x)q ≡ (bq/a)θ(x) = ξ−(q−1)iθ(x).
Hence (ξiθ(x))q ≡ ξiθ(x), and so ξiθ(α) ∈ Fq for α ∈ Fq2 . Thus there exists e ∈ Fq such that
θ(α) = ξ−ie, i.e., S ⊆ {ξ−ie | e ∈ Fq}. On the other hand, since θ(x) has degree q, each image has
at most q preimages under θ. Hence #S ≥ q2/ q = q, and so S = {ξ−ie | e ∈ Fq}. We next show
that Aq+1 = Bq+1 and ACq = BqC. Since
Aq+1 = (bu− av)q(bu− av) = bq+1uq+1 − abquqv + (−1)qaqbuvq + aq+1vq+1,
Bq+1 = (auq − bvq)q(auq − bvq) = aq+1uq+1 + (−1)qabquqv − aqbuvq + bq+1vq+1,
and aq+1 = bq+1, we get Aq+1 = Bq+1. It follows from acq = bqc that aqc = bcq and
ACq = (bu− av)(uq+1 − vq+1)qcq = (bcqu− acqv)(uq+1 − vq+1)
= (aqcu− bqcv)(uq+1 − vq+1) = (aqu− bqv)(uq+1 − vq+1)c = BqC.
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Similarly to (3), we obtain Aθ(x)q = Bqθ(x). An argument similar to the one used above shows
that S¯ = {ξ−ie | e ∈ Fq} if A 6= 0. Therefore we conclude that
S = S¯ = {ξ−ie | e ∈ Fq}. (6)
(iii) Since f(x) = θ(x)rφ(θ(x)m) + uxq + vx, we have
f(x) = θ(x)rφ(θ(x)m) + (u/a)θ(x) + (v − (bu/a))x− (cu/a).
For any x ∈ θ−1(s), f(x) = (v − (bu/a))x+ t, where t = srφ(sm) + (u/a)s− (cu/a). Thus f(x) is
injective on θ−1(s) if and only if v − (bu/a) 6= 0, i.e., A 6= 0.
(iv) If A = 0 then f(x) is not injective on θ−1(s) and, by the AGW criterion, f(x) is not a
PP of Fq2 . If A = 0 then B
q+1 = Aq+1 = 0 and uq+1 = vq+1. Hence g(x) = 0 and it does not
permute S. Hence the theorem is true when A = 0. If A 6= 0 then f(x) is injective on θ−1(s). By
the AGW criterion and S = S¯, f(x) is a PP of Fq2 if and only if g(x) permutes S. 
In Theorem 1, the problem of determining whether f(x) permutes Fq2 is reduced to that of
establishing whether g(x) permutes S. By (6), S has q elements. Thus we need only calculate at
most q values (g(y) for y ∈ S) to verify whether f(x) permutes Fq2 . Hence Theorem 1 provides a
relatively simple necessary and sufficient condition for f(x) to be a PP of Fq2 .
According to the commutative diagram in the proof of Theorem 1, the polynomial g(x) induces
a mapping from S to S. Hence g(x) permutes S if and only if g(x) is injective on S, which can be
used to simplify the proof that g(x) permutes S. We next give further explanation for Theorem 1.
Lemma 2 Let a, b, c ∈ Fq2 with ab 6= 0. Then
(i) axq + bx+ c is a PP of Fq2 if and only if a
q+1 6= bq+1.
(ii) aq+1 = bq+1 if and only if b = ξ(q−1)iaq for some i ∈ Z.
(iii) If b = ξ(q−1)iaq, then acq = bqc if and only if c = ξ−ie for some e ∈ Fq.
(iv) The subfield Fq = {0} ∪ { ξ
(q+1)j | j = 1, 2, . . . , q − 1}.
Proof (i) axq+bx is a PP of Fq2 if and only if
∣∣ a bq
b aq
∣∣ 6= 0, i.e., aq+1 6= bq+1. (ii) The norm function
NF
q2/Fq
(b/aq) = (b/aq)q+1 = 1 if and only if b/aq = eq−1 for some e ∈ F∗q2 . Let e = ξ
i for some
i ∈ Z. Then b = ξ(q−1)iaq. (iii) Since a = ξ(q−1)ibq, acq = bqc if and only if (ξic)q = ξic, i.e.,
ξic ∈ Fq. Hence c = ξ
−ie for some e ∈ Fq. (iv) Since ξ is a primitive element of Fq2 , ξ
(q+1)j are
all distinct for 1 ≤ j ≤ q − 1. Also (ξ(q+1)j)q = ξ(q
2+q)j = ξ(q+1)j. Hence the result holds. 
According to Lemma 2 (i), S is a subset of Fq2 , i.e., ax
q + bx + c is not a PP of Fq2 , if and
only if aq+1 = bq+1. From (ii), if b = aq then S = Fq and f(x) permutes Fq2 if and only if g(x)
permutes Fq. By (ii) and (iii), there are (q
2 − 1) · (q + 1) · q choices for a, b, c ∈ Fq2 such that
ab 6= 0, aq+1 = bq+1 and acq = bqc. (iv) describes the construction of the subfield Fq of Fq2 , which
plays an important role in the proof of Theorem 2.
3 The reduction from S to Un
Theorem 1 requires that b = ξ(q−1)iaq for some i ∈ Z. When i = j · gcd(q + 1, d), we obtain the
following result by employing the AGW criterion again.
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Theorem 2 Let d | q2 − 1 and d = n · gcd(q + 1, d). Let a, b, c ∈ Fq2 , j ∈ Z satisfy ab 6= 0, b =
ξ(q−1)jd/naq and acq = bqc. Let u, v ∈ Fq2 , r ∈ Z
+ satisfy uq+1 = vq+1 and gcd(r, (q2−1)/d) = 1,
or uq+1 6= vq+1 and r = 1. Then f(x) in (1) is a PP of Fq2 if and only if h(x) permutes Un,
where
h(x) = xr[Bφ(x) + A1−rBqrφ(x)q + uq+1 − vq+1](q
2
−1)/d. (7)
Proof Let g(x) be defined by (2), λ(x) = x(q
2
−1)/d and T = {λ(x) | x ∈ S}. Since all the conditions
of Theorem 1 are satisfied, we need only prove that g(x) permutes S if and only if h(x) permutes
T . The proof is divided into four steps.
(i) When uq+1 = vq+1 or uq+1 6= vq+1 and r = 1, it is easy to show that λ ◦ g = h ◦ λ, i.e., the
following diagram is commutative:
S
λ

g
// S
λ

T
h
// T
(ii) We now prove T = {0} ∪ Un. By (6), if b = ξ
(q−1)jd/naq then S = { ξ−jd/ne | e ∈ Fq}.
Because Fq = {0} ∪ { ξ
(q+1)i | i = 1, 2, . . . , q − 1}, we have
S = {0} ∪ { ξ(q+1)i−jd/n | i = 1, 2, . . . , q − 1}. (8)
Since gcd(q + 1, d) = d/n, there is m ∈ Z such that q + 1 = md/n and gcd(m,n) = 1. Hence
(q + 1)i− jd/n = (mi− j)d/n
and {mi− j | i = 1, 2, . . . , n} is a complete residue system modulo n. Because d | q2 − 1, namely
(nd/n) | (md/n)(q− 1), we get n | q − 1. Thus
S = {0} ∪D′0 ∪D
′
1 ∪ · · · ∪D
′
n−1, (9)
where D′i is a set of (q − 1)/n elements from Di, and
Di = {ξ
kd+id/n | k = 0, 1, . . . , q
2
−1
d − 1}, 0 ≤ i ≤ n− 1.
For x ∈ Di, we have λ(x) = x
(q2−1)/d = ωi, where ω = ξ(q
2
−1)/n. Hence
{λ(x) | x ∈ S} = { 0, ω0, ω1, ω2, . . . , ωn−1}, i.e., T = {0} ∪ Un. (10)
(iii) It follows from (9) and (10) that λ−1(ωi) = D′i. We show next that g(x) is injective on
D′i when gcd(r, (q
2 − 1)/d) = 1. For x ∈ Di, λ(x) = ω
i and so
g(x) =
{
xr[Bφ(ωi) +A1−rBqrφ(ωi)q] for uq+1 = vq+1,
xr[Bφ(ωi) +Bqφ(ωi)q + uq+1 − vq+1] for uq+1 6= vq+1, r = 1.
It is easy to prove that the following statements are equivalent:
1. g(x) is injective on Di.
2. xr is injective on Di.
3. {rk | k = 0, 1, . . . , q
2
−1
d − 1} is a complete residue system modulo (q
2 − 1)/d.
4. gcd(r, (q2 − 1)/d) = 1.
Since D′i ⊆ Di, g(x) is injective on D
′
i when gcd(r, (q
2 − 1)/d) = 1.
(iv) By the AGW criterion, g(x) permutes S if and only if h(x) permutes T . The later is
equivalent to that h(x) permutes Un because T = {0} ∪ Un and h(0) = 0. 
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In the proof above, the problem of determining whether g(x) permutes S is reduced to that
of verifying whether h(x) permutes Un. Hence Theorem 2 indicates that f(x) in (1) permutes Fq2
if and only if h(x) permutes Un. In this case we need only calculate at most n values (h(y) for
y ∈ Un) to verify whether f(x) is a PP of Fq2 . Therefore, roughly speaking, Theorem 2 is more
efficient than Theorem 1 when n < q. In particular, if n = 1 and h(1) = 1 then f(x) permutes Fq2 .
Let d | q2−1. Then d is an odd divisor of q−1 if and only if gcd(q+1, d) = 1. From Lemma 2,
aq+1 = bq+1 if and only if b = ξ(q−1)iaq for some i ∈ Z. Consequently we obtain the following
result by applying Theorem 2 with n = d.
Corollary 1 Let d ≥ 3 be an odd divisor of q − 1. Let a, b, c ∈ Fq2 satisfy ab 6= 0, a
q+1 = bq+1
and acq = bqc. Let r, u, v be as in Theorem 2. Then f(x) in (1) is a PP of Fq2 if and only if h(x)
in (7) permutes Ud.
We next consider the case that d is an even divisor of q − 1.
Corollary 2 Let d ≥ 2 be an even divisor of q − 1. Let a, b, c ∈ Fq2 , j ∈ Z satisfy ab 6= 0,
b = ξ(q−1)jaq and acq = bqc. Let r, u, v be as in Theorem 2. Then f(x) in (1) is a PP of Fq2 if
and only if
(i) h(x) in (7) permutes Ud/2 when j is even, or
(ii) h(x) in (7) permutes Ud \ Ud/2 when j is odd.
Proof Since d | q− 1 and d is even, q+ 1 ≡ 2 (mod d) and gcd(q+ 1, d) = gcd(2, d) = 2. For even
j, the conditions in Theorem 2 are satisfied. Hence n = d/2 and Un = Ud/2, and so (i) is true. For
odd j, an argument similar to that leading to (10) shows
{x(q
2
−1)/d | x ∈ S} = { 0, ω, ω3, ω5, . . . , ωd−1} = {0} ∪ Ud \ Ud/2,
where ω = ξ(q
2
−1)/d. The remaining proof is analogous to that in Theorem 2. 
When d | q−1, Corollaries 1 and 2 give necessary and sufficient conditions for f(x) to be a PP
of Fq2 . In Corollary 2, let d = 6, q = 13 and a = 1. If j = q+1 = 14 then b = 1. If j = (q+1)/2 = 7
then b = −1. Thus we obtain the following example.
Example 1 Let φ(x) ∈ F169[x], r ≥ 1 and gcd(r, 28) = 1. Define
f1(x) = (x
13 + x)rφ((x13 + x)28) + x13 − x,
f2(x) = (x
13 − x)rφ((x13 − x)28) + x13 + x,
h(x) = 2xr(φ(x) + φ(x)13)28.
Then f1(x) is a PP of F169 if and only if h(x) permutes U3 = {1, 3, 9}, and f2(x) is a PP of F169
if and only if h(x) permutes U6 \ U3 = {4, 12, 10}.
We conclude this section with a remark on the degree of φ(x). Because
xr(x(q
2
−1)/d)d ≡ xr (mod xq
2
− x),
we need only consider deg(φ(x)) < d and 1 ≤ r ≤ (q2 − 1)/d in Theorem 1. By (10),
{(axq + bx+ c)(q
2
−1)/d | x ∈ Fq2} = {0} ∪ Un. (11)
Hence we need only consider deg(φ(x)) < n in Theorem 2 and Corollary 1.
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4 φ(x) is a constant
In Sections 2 and 3, the polynomial φ(x) is arbitrary. In order to find simple conditions for f(x)
to be a PP, special forms of φ(x) are considered from Section 4 to 7. We first investigate the case
that φ(x) is a constant.
4.1 The case φ(x) = 1
When φ(x) = 1, we deduce the next result from Theorem 1.
Theorem 3 Let a, b, c, u, v ∈ Fq2 satisfy ab 6= 0, a
q+1 = bq+1 and acq = bqc. Define
f(x) = (axq + bx+ c)r + uxq + vx,
g(x) = (B +A1−rBqr)xr + (uq+1 − vq+1)x,
where r ∈ Z+. Then f(x) is a PP of Fq2 if and only if g(x) permutes S. In particular, if B +
A1−rBqr = 0 then f(x) permutes Fq2 if and only if u
q+1 6= vq+1. If uq+1 = vq+1 then f(x)
permutes Fq2 if and only if B +A
1−rBqr 6= 0 and gcd(r, q − 1) = 1.
Proof The first part is a direct consequence of Theorem 1. Note that g(x) permutes S if and only
if g(x) is injective on S. If B + A1−rBqr = 0 then g(x) = (uq+1 − vq+1)x. Thus g(x) is injective
on S if and only if uq+1 6= vq+1. If uq+1 = vq+1 then g(x) = (B +A1−rBqr)xr. Note that
S = {ξ−ie | e ∈ Fq} and Fq = {0} ∪ {ξ
(q+1)j | j = 1, 2, . . . , q − 1}.
Hence g(x) is injective on S if and only if B + A1−rBqr 6= 0 and {rj | j = 1, 2, . . . , q − 1} is a
complete residue system modulo q − 1, i.e., gcd(r, q − 1) = 1. 
Theorem 3 unifies and generalizes several recently discovered PPs. Applying Theorem 3 to
a = b = 1, we arrive at the following examples.
Corollary 3 Let q be an odd prime power, r ∈ Z+ and c, u ∈ Fq. Then
f(x) = (xq + x+ c)r + uxq − ux
is a PP of Fq2 if and only if u 6= 0 and gcd(r, q − 1) = 1.
Corollary 4 Let r ∈ Z+, c, u ∈ Fq and e ∈ Fq2 with e+ e
q = 0. Then
f(x) = (xq + x+ c)r + uxq + (u− e)x
is a PP of Fq2 if and only if e 6= 0.
Corollary 4 generalizes [30, Theorem 5], which only gives the sufficient part.
Corollary 5 Let m, r ∈ Z+, q = 2m and c, u, e ∈ Fq with e 6= 0 or 1. Let
f(x) = (xq + x+ c)r + uxq + (u+ e)x.
Then both f(x) and f(x) + x are PPs of Fq2 .
A polynomial f(x) is called a complete permutation polynomial (CPP) if both f(x) and f(x)+x
are PPs. CPPs are useful in the construction of orthogonal latin squares [17], check digit sys-
tems [19] and bent-negabent functions [21]. If we change v to v + 1 in some results of this paper,
we can obtain more CPPs.
Applying Theorem 3 to a = 1 and b = −1, we obtain the next corollaries.
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Corollary 6 Let r ∈ Z+, c, u, v ∈ Fq2 satisfy c+ c
q = 0 and (u+ v)q = (−1)r(u+ v). Then
f(x) = (xq − x+ c)r + uxq + vx
is a PP of Fq2 if and only if u
q+1 6= vq+1.
Corollary 6 generalizes [30, Theorem 4], which considers special u and v and only gives the
sufficient part.
Corollary 7 Let r ∈ Z+, c, u, v ∈ Fq2 satisfy c+ c
q = 0 and uq+1 = vq+1. Then
f(x) = (xq − x+ c)r + uxq + vx
is a PP of Fq2 if and only if gcd(r, q − 1) = 1 and (u+ v)
q = (−1)r(u+ v).
Corollaries 6 and 7 unify and generalize [1, Theorem 5.12] and [26, Theorem 6.4], which requires
c = 0 and u = v or vq. Moreover, the first statement of Theorem 8.1.71 in the Handbook of Finite
Fields [16] is incorrect since the condition is sufficient but not necessary. Using the fact that
v− uq ∈ Fq and u
q+1− vq+1 = (u+ v)(uq − v), we can show that the sufficient part is covered by
Corollary 6. For v ∈ F4 \ F2, the PP (x
2+ x) + x2+ vx of F4 is a counterexample of the necessary
situation.
4.2 The case d | q + 1
When d | q + 1, for any φ(x) ∈ Fq2 [x] we infer the next result which is similar to Theorem 3.
Theorem 4 Under the hypotheses of Theorem 1 with d | q2−1 replaced by d | q+1, the polynomial
f(x) in (1) satisfies the congruence
f(x) ≡ φ(δ)(axq + bx+ c)r + uxq + vx (mod xq
2
− x),
where δ = (bq/a)(q+1)/d. If φ(δ) 6= 0 then f(x) is a PP of Fq2 if and only if
g(x) = (B¯ + A¯1−rB¯qr)xr + (u¯q+1 − v¯q+1)x
permutes S, where A¯ = bu¯− av¯, B¯ = au¯q − bv¯q, u¯ = u/φ(δ) and v¯ = v/φ(δ).
Proof Let θ(x) = axq + bx+ c. Then f(x) = θ(x)rφ(θ(x)(q
2
−1)/d) + uxq + vx. By (3),
θ(x)q ≡ (bq/a)θ(x) (mod xq
2
− x).
For any e ∈ Fq2 , if θ(e) 6= 0 then θ(e)
q−1 = bq/a. Hence
θ(e)rφ(θ(e)(q
2
−1)/d) = θ(e)rφ(θ(e)(q−1)(q+1)/d) = θ(e)rφ((bq/a)(q+1)/d),
θ(x)rφ(θ(x)(q
2
−1)/d) ≡ θ(x)rφ((bq/a)(q+1)/d) (mod xq
2
− x).
Denote δ = (bq/a)(q+1)/d. Then f(x) ≡ θ(x)rφ(δ) + uxq + vx (mod xq
2
− x).
The second part of the theorem is a direct consequence of Theorem 3. 
Applying Theorem 4 to r = 1, we obtain the following result.
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Corollary 8 Under the hypotheses of Theorem 1 with d | q2 − 1 and r ∈ Z+ replaced by d | q + 1
and r = 1, the polynomial f(x) in (1) satisfies the congruence
f(x) ≡ αxq + βx+ γ (mod xq
2
− x),
where α = φ(δ)a+ u, β = φ(δ)b+ v, γ = φ(δ)c and δ = (bq/a)(q+1)/d. Moreover, f(x) is a PP of
Fq2 if and only if α
q+1 6= βq+1.
Corollary 8 reduces f(x) in (1) to a simple linearized polynomial. Theorem 8 in [10] and some
theorems in [28] are special cases of Corollary 8.
Example 2 Let q be an odd prime power with 3 | q+ 1, and let c ∈ Fq2 with c+ c
q = 0. Theorem
8 in [10] pointed out that
f(x) = (xq − x+ c)
q2−1
3
+1 + x
permutes Fq2 . In fact, by Corollary 8, we have
f(x) ≡ αxq + (1− α)x+ αc (mod xq
2
− x),
where α = (−1)(q+1)/3. Since αq+1 6= (1− α)q+1, it follows that f(x) is a PP of Fq2 .
5 φ(x) has degree less than three
According to Theorem 2, the permutation behavior of f(x) in (1) over Fq2 is easy to check when
n is small. For n = 2 or 3, it suffices to consider deg(φ(x)) < 2 or 3. In this case, we derive explicit
classes of PPs of Fq2 . These results unify and generalize several classes of PPs in [10, 28].
5.1 The case n = 2
Lemma 3 Let d ≥ 4 be even. Then the following two conditions are equivalent:
(i) d | q2 − 1, gcd(q + 1, d) = d/2;
(ii) d ≡ 0 (mod 4), q + 1 ≡ d/2 (mod d).
Proof Clearly, gcd(q + 1, d) = d/2 if and only if q + 1 ≡ d/2 (mod d). Hence
q − 1 ≡ (d− 4)/2 (mod d), q2 − 1 ≡ d2/4 (mod d),
and so d | q2 − 1 if and only if d | (d2/4), i.e., d = 4s for some s ∈ Z. 
Combining Theorem 2 and Lemma 3, we deduce the next result.
Theorem 5 Let d ≡ 0 (mod 4) and q + 1 ≡ d/2 (mod d). Let a, b, c ∈ Fq2 , j ∈ Z satisfy ab 6= 0,
b = ξ(q−1)jd/2aq and acq = bqc. Let r, u, v be as in Theorem 2 and
f(x) = (axq + bx+ c)r
(
e0 + e1(ax
q + bx+ c)(q
2
−1)/d)+ uxq + vx,
where e0, e1 ∈ Fq2 . Then f(x) is a PP of Fq2 if and only if
[
(Be0 +A
1−rBqreq0 + u
q+1 − vq+1)2 − (Be1 +A
1−rBqreq1)
2](q2−1)/d = (−1)r+1.
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Proof Clearly φ(x) = e0 + e1x. By Theorem 2, f(x) is a PP of Fq2 if and only if
h(x) = xr
[
B(e0 + e1x) +A
1−rBqr(e0 + e1x)
q + uq+1 − vq+1
](q2−1)/d
permutes U2 = {−1, 1}. According to the commutative diagram in the proof of Theorem 2, h(x)
induces a mapping from {0,−1, 1} to itself. Hence h(x) permutes U2 if and only if h(−1)h(1) = −1.
A simple calculation can complete the proof. 
Taking d = 4 and r = 1 in Theorem 5, we obtain the following example.
Example 3 Let d = 4 and q + 1 ≡ 2 (mod 4). Let b, c ∈ Fq2 , j ∈ Z satisfy b = ξ
(q−1)2j and
cq = bqc. Let e, e′ ∈ Fq and
f(x) = e(xq + bx+ c)
q2−1
4
+1 + e′(xq + bx+ c)
3(q2−1)
4
+1 − bx.
It follows from (11) that {(xq + bx+ c)(q
2
−1)/4 | x ∈ Fq2} = {0,−1, 1}. Hence
(xq + bx+ c)
3(q2−1)
4
+1 ≡ (xq + bx+ c)
q2−1
4
+1 (mod xq
2
− x),
f(x) ≡ (e+ e′)(xq + bx+ c)
q2−1
4
+1 − bx (mod xq
2
− x).
Clearly bq+1 = 1 and B = (−b)q+1 = 1. From Theorem 5, f(x) is a PP of Fq2 if and only if
[1− 4(e+ e′)2](q
2
−1)/4 = 1. The result is Theorem 5.3 in [28].
5.2 The case n = 3
The next result is a particular case for n = 3 and φ(x) = x or x2.
Theorem 6 Let 3 | d, d | q2−1 and gcd(q+1, d) = d/3. Let b, c ∈ Fq2, j ∈ Z satisfy b = ξ
(q−1)jd/3
and cq = bqc. Define
f(x) = (xq + bx+ c)
k(q2−1)
d
+1 − bx, where k = 1, 2.
Let ω = ξ(q
2
−1)/3. Then f(x) is a PP of Fq2 if and only if
(
(ωkq + ωk − 1)
q2−1
d , (ω2kq + ω2k − 1)
q2−1
d
)
= (1, 1) or (ω, ω2).
Proof Clearly B = (−b)q+1 = 1 and φ(x) = xk. According to Theorem 2, f(x) is a PP of Fq2 if
and only if h(x) = x(xkq + xk − 1)
q2−1
d permutes U3 = {1, ω, ω
2}. Since h(1) = 1, h(x) permutes
U3 if and only if (h(ω), h(ω
2)) = (ω, ω2) or (ω2, ω). 
Remark 1 Let 3 | d and gcd(q + 1, d) = d/3. (1) If q + 1 ≡ d/3 (mod d), then d | q2 − 1 if and
only if d ≡ 6 (mod 9). (2) If q+ 1 ≡ 2d/3 (mod d), then d | q2 − 1 if and only if d ≡ 3 (mod 9).
Theorem 6 unifies and generalizes some results in [28]. In fact, if d = 3 and q+1 ≡ 2 (mod 3),
then 3 | q − 1 and ωq = ω. Therefore we have the next corollaries.
Corollary 9 Let 3 | q − 1, and let b, c ∈ Fq2 satisfy b
q+1 = 1 and cq = bqc. Define
f(x) = (xq + bx+ c)
k(q2−1)
3
+1 − bx, where k = 1, 2.
Let ω = ξ(q
2
−1)/3. Then f(x) is a PP of Fq2 if and only if
(
(2ωk − 1)
q2−1
3 , (2ω2k − 1)
q2−1
3
)
= (1, 1) or (ω, ω2).
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Taking k = 1, Corollary 9 reduces to Theorem 4.5 in [28]. Applying Theorem 6 to d = 6 and
q + 1 ≡ 2 (mod 6), we have the following result.
Corollary 10 Let q + 1 ≡ 2 (mod 6), and let b, c ∈ Fq2 , j ∈ Z satisfy b = ξ
(q−1)2j and cq = bqc.
Define
f(x) = (xq + bx+ c)
k(q2−1)
6
+1 − bx, where k = 1, 2.
Let ω = ξ(q
2
−1)/3. Then f(x) is a PP of Fq2 if and only if
(
(2ωk − 1)
q2−1
6 , (2ω2k − 1)
q2−1
6
)
= (1, 1) or (ω, ω2).
Corollary 10 unifies Theorems 6.3 and 6.4 in [28].
6 φ(x) = 1 + x+ x2 + · · ·+ xd−1
In this section we consider the case φ(x) =
∑d−1
k=0 x
k and r = 1. If d = 2 and d | q2−1 then d | q+1
and, by Corollary 8, f(x) in (1) is equivalent to a simple linearized polynomial. Hence we assume
d ≥ 3 in this section. Let ω = ξ(q
2
−1)/d. Then
φ(ωi) =
{
0 for i = 1, 2, . . . , d− 1,
d for i = d.
(12)
The following theorem is based on this observation.
Theorem 7 Let d ≥ 3, d | q2 − 1, and a, b, c, u, v ∈ Fq2 satisfy ab 6= 0, a
q+1 = bq+1, acq = bqc
and uq+1 6= vq+1. Define
f(x) =
d−1∑
k=0
(axq + bx+ c)
k (q2−1)
d
+1 + uxq + vx. (13)
Then the following statements hold:
(i) The polynomial f(x) is a PP of Fq2 if
(
1 +
d(B +Bq)
uq+1 − vq+1
)(q2−1)/d
= 1. (14)
(ii) For d an odd divisor of q − 1, f(x) is a PP of Fq2 if and only if (14) holds.
Proof It follows from Theorem 1 that f(x) is a PP of Fq2 if and only if
g(x) = x[Bφ(x(q
2
−1)/d) +Bqφ(x(q
2
−1)/d)q + uq+1 − vq+1]
permutes S, where φ(x) =
∑d−1
k=0 x
k. Let
D1 = {x ∈ S | x 6= 0, x
(q2−1)/d = 1}, D2 = {x ∈ S | x 6= 0, x
(q2−1)/d 6= 1}.
Then S = {0} ∪D1 ∪D2. It follows from (12) that
φ(x(q
2
−1)/d) =
{
d for x ∈ D1,
0 for x ∈ D2,
g(x) =
{
αx for x ∈ D1,
βx for x ∈ D2,
where α = d(B +Bq) + uq+1 − vq+1 and β = uq+1 − vq+1 6= 0.
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(i) If (14) holds, i.e., (α/β)(q
2
−1)/d = 1, then α(q
2
−1)/d = β(q
2
−1)/d. Therefore
{αx | x ∈ D1} ∩ {βx | x ∈ D2} = ∅,
and so g(x) is injective on S. Because g(x) induces a mapping from S to S, we deduce that g(x)
permutes S. Furthermore, f(x) is a PP of Fq2 .
(ii) If d is an odd divisor of q − 1, by Corollary 1, f(x) is a PP of Fq2 if and only if
h(x) = x[Bφ(x) + Bqφ(x)q + uq+1 − vq+1](q
2
−1)/d
permutes Ud = {1, ω, ω
2, · · · , ωd−1}, where ω = ξ(q
2
−1)/d. The formula (12) leads to
h(x) =
{
α for x = 1,
βx for x = ω, ω2, · · · , ωd−1,
where α = (d(B +Bq) + uq+1 − vq+1)(q
2
−1)/d and β = (uq+1− vq+1)(q
2
−1)/d 6= 0. As β ∈ Ud, we
have {α, βω, · · · , βωd−1} = Ud if and only if {α/β,ω, · · · , ω
d−1} = Ud. Hence h(x) permutes Ud
if and only if α/β = 1. 
Recall that B = auq − bvq, if u = a and v = 0, then B = Bq = aq+1. If u = 0 and v = −b,
then B = Bq = bq+1. Thus we obtain the next result.
Corollary 11 Under the hypotheses of Theorem 7, take u = a and v = 0. Then f(x) in (13) is a
PP of Fq2 if (1 + 2d)
(q2−1)/d = 1. Take u = 0 and v = −b. Then f(x) in (13) is a PP of Fq2 if
(1− 2d)
q2−1
d = 1.
We can also derive the following classes of PPs from Theorem 7.
Corollary 12 For q an odd prime power, let d ≥ 3 be an odd divisor of q−1, let b, c ∈ Fq2 satisfy
bq+1 = 1 and cq = bqc, and let e ∈ Fq with e 6= 0. Then
f(x) =
d−1∑
k=0
e(xq + bx+ c)
k(q2−1)
d
+1 + (1− e)xq − b(1 + e)x
is a PP of Fq2 if and only if (1− d)
(q2−1)/d = 1.
Proof Clearly a = 1, u = (1− e)/e and v = −b(1 + e)/e. Then B = 2/e, uq+1 − vq+1 = −4/e and
1 + d(Bq +B)/(uq+1 − vq+1) = 1− d. 
Corollary 12 generalizes Theorem 4.9 in [28], where d = 3 is considered.
Corollary 13 Let d ≥ 3 be an odd divisor of q − 1, and b, c ∈ Fq2 satisfy b
q+1 = 1 and cq = bqc.
Let e ∈ Fq with e(1 + 2e) 6= 0. Then
f(x) =
d−1∑
k=0
e(xq + bx+ c)
k(q2−1)
d
+1 − exq − b(1 + e)x
is a PP of Fq2 if and only if
(
1−
2de
1 + 2e
)(q2−1)/d
= 1.
Corollary 13 generalizes Theorem 4.10 in [28], where d = 3 is considered.
7 φ(x) ∈ Fq[x]
The polynomial φ(x) over Fq is considered in this section. The fact that φ(x)
q = φ(xq) is employed
to reduce the polynomials g(x) in (2) and h(x) in (7).
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7.1 The reduced form of g(x)
Let φ(x) ∈ Fq[x]. Then φ(x)
q = φ(xq). If d | q − 1, we have
(x(q
2
−1)/d)q ≡ x(q
2
−1)/d (mod xq
2
− x).
Also note that
g(x) = xr
[
Bφ(x(q
2
−1)/d) +A1−rBqrφ(x(q
2
−1)/d)q
]
+ (uq+1 − vq+1)x.
Therefore
g(x) ≡ (B +A1−rBqr)xrφ(x(q
2
−1)/d) + (uq+1 − vq+1)x (mod xq
2
− x).
If B +A1−rBqr = 0 then
g(x) ≡ (uq+1 − vq+1)x (mod xq
2
− x).
Thus g(x) permutes S if and only if uq+1 6= vq+1. By Theorem 1, we get the next result.
Theorem 8 Let φ(x) ∈ Fq[x], d | q − 1 and r ∈ Z
+. Let a, b, c, u, v ∈ Fq2 satisfy ab 6= 0,
aq+1 = bq+1, acq = bqc and B + A1−rBqr = 0. Then f(x) in (1) is a PP of Fq2 if and only if
uq+1 6= vq+1.
Theorem 8 gives explicit conditions in which f(x) is a PP of Fq2 . We derive the following classes
of PPs from Theorem 8.
Corollary 14 Let φ(x) ∈ Fq[x], d | q − 1 and r ∈ Z
+. Let c, u ∈ Fq and e ∈ Fq2 with e+ e
q = 0.
Then
f(x) = (xq + x+ c)rφ((xq + x+ c)(q
2
−1)/d) + uxq + (u− e)x
is a PP of Fq2 if and only if e 6= 0.
Corollary 14 generalizes Corollary 4, which only considers the case φ(x) = 1.
Corollary 15 Let φ(x) ∈ Fq[x], d | q− 1 and r be even. Let u, e ∈ Fq and c ∈ Fq2 with c+ c
q = 0.
Then
f(x) = (xq − x+ c)rφ((xq − x+ c)(q
2
−1)/d) + uxq + (u+ e)x
is a PP of Fq2 if and only if e(2u+ e) 6= 0.
Corollary 15 generalizes [30, Theorem 4], which considers the case φ(x) = 1 and only gives the
sufficient part.
7.2 The reduced form of h(x)
Let uq+1 = vq+1. Then, by φ(x)q = φ(xq), the polynomial h(x) in (7) reduces to
h(x) = xr[Bφ(x) +A1−rBqrφ(xq)](q
2
−1)/d.
If n | q − 1 then xq ≡ x for x ∈ Un, and so we may substitute x for x
q in h(x). Hence
h(x) = (B +A1−rBqr)(q
2
−1)/dxrφ(x)(q
2
−1)/d.
Since d | q2 − 1 and d = n · gcd(q + 1, d) imply n | q − 1, we deduce the next result.
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Theorem 9 Under the hypotheses of Theorem 2, take φ(x) ∈ Fq[x] and u
q+1 = vq+1. Then f(x)
in (1) is a PP of Fq2 if and only if B +A
1−rBqr 6= 0 and xrφ(x)(q
2
−1)/d permutes Un.
In Theorem 9, let q = 11, d = 15, n = 5, j = 2, a = −b = u = v = 1 and r = 3. Then
−A = B = 2 and B +A1−rBqr = 4 6= 0. Hence we obtain the following example.
Example 4 Let φ(x) ∈ F11[x] and c ∈ F121 with c+ c
q = 0. Then
(x11 − x+ c)3φ((x11 − x+ c)8) + x11 + x
is a PP of F121 if and only if x
3φ(x)8 permutes U5 = {1, 4, 5, 9, 3}.
8 Conclusions
By constructing two commutative diagrams, we present large classes of permutation polynomials
over Fq2 . These results unify and generalize some families of permutation polynomials. The idea and
technology of this paper is expected to be extended to other finite fields; for example, Fq3 or Fqn .
These permutation polynomials may have many practical applications, including constructions of
cryptographic functions, cyclic codes, difference sets, and sequences with good randomness.
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